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SUMMARIES 
In 1853 Karl M. Peterson, a young Latvian 
student at the University of Dorpat [Tartu], submitted 
a candidates' dissertation [a requirement for 
obtaining a degree] containing a derivation of the 
Gauss-Mainardi-Codazzi equations and a proof of 
the Fundamental Theorem of Surface Theory. This 
predates the publications of equivalent equations 
derived by G. Mainardi [1856] and D. Codazzi [1860 
and 1868-18691, as well as 0. Bonnet's proof of 
the Fundamental Theorem. Although Peterson later 
[1865-18811 played a major role in the formation of 
a school of differential geometry at Moscow 
University, this early work remained virtually 
unknown until its translation [into Russian] 
and its publication in 1952. The contents of the 
dissertation and the probable sources of Peterson's 
ideas and techniques are discussed. 
B 185%eM ro~ly Kapn M. lleTepcoH, MOJ-IOAO~~ 
J-IaTbUUCKH8 CTyAeHT IIpti ~epIICKOM yHHBepCHTeTe 
(TaPTY),npeA?dBHJI Ha COHCKaHkIe CTerIeHH 
KaHAHAaTa AHCCepTaIJHI0, KOTOpaR COAep)KaJla 
AepHBaIJHI0 ypaBHeHwZt rayc-MafiHapAw-KoJJaqw H 
AOKa3aTeJIbCTBO OCHOBHOti TeOpeMbl TeOpHH 
IIOBepXHOCTefi. 3Ta AHccepTa~an npeArllecTByeT 
ny6naKawni 3KBWBaJIeHTblX ypaBHeH& B pa6OTaX 
MaRHapAH (1856 r.) H A. KOAauH (1860 r. H 
1868-9 rr.), a TaKxe AoKa3aTencTB OCHOBHOB 
TeOpeMbl 0. BOHHeTa. HeCMOTpR Ha TO, VT0 
neTepCOH ElrpaJl BalKHm pOJIb B OCHOBaHHFi UIKOJ-Ibl 
Als~~epesqwanbsoft reoMeTpax npx MOCKOBCKOM 
YHWBepCHTeTe, 3TOT paHHHR TpyA OCTaJICR IIOqTW 
HekI3BeCTHblM A0 IIepeBOAa er0 Ha pyCCKIlti IIBblK 
H A0 Olly6JIHKOBaHHR er0 B 1952 r. B AaHHOti 
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craTbe 06CYXAaI!3TCR co~ep~arime z0iccepTa4nw 
Pi BepORTHIde HCTOYHIIKW HA& EI MeTOAElKkI 
Uerepcoea. 
En 1853 Karl M. Peterson, un jeune Qtudiant latvien 
2 l'Universi& de Dorpat (Tartu), a p&sent& une these 
de candidat (une condition requise pour le diplame) qui 
a contenu une derivation des &quations Gauss-Mainardi- 
Codazzi et une preuve de la th~or&ne fondamentale des 
surfaces. Cette these predate la publication des &qua- 
tions equivalentes d&iv&es par G. Mainardi [1856] et 
D. Codazzi [1860 et 1868-18691, aussi bien que la preuve 
de la th&oreme fondamentale d'0. Bonnet. Bien que 
Peterson ait joue plus tard un role important dans la 
formation de l'&ole de la g&om&rie diffgrentielle a 
1'Universitg de Moscou; cette premiere oeuvre &tait 
presque ignoree jusqu'h sa traduction (en russe) et sa 
publication en 1952. Les matikes de cette these et 
les sources probables des id&es et des techniques de 
Peterson sont discutees. 
INTRODUCTION 
Gauss, in his Disquisitiones Generales circa Superficie 
Curvas [1827], introduced a pair of differential forms for a 
surface in space given by the coordinate functions x = x(u,v), 
y = Y(U,V), and z = z(u,v). Using vector notation (which 
Gauss did not use), the first fundamental form at a point P is 
the square of the differential arc element: 
I = ds2 = d$d$ = $$udu2 + 2;U*Xvdudv + ;v*$vdv2 
= Edu2 + ZFdudv + Gdv2 
(2 = (x,y,z) is the vector whose components are the coordinate 
functions). The second fundamental form is given by 
II = d%*d$ = edu2 + Zfdudv + gdv2, 
where $ is the unit normal to the surface (see Appendix below, 
especially sections 7 and 8). This form also has a simple geo- 
metric interpretation: let P and Q be points on the surface 
which correspond to the parameter values u, v, and u+du, v+dv, 
respectively, and let C be the point on the tangent plane at P 
which lies directly below Q. Then it can be shown that the dis- 
tance lQC[ is "approximately" equal to 11/2; i.e., if we neglect 
terms of higher order [Struik 1950, 78-791. 
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Figure 1 
Since a surface is fully determined by the three coordinate 
functions x(u,v), y(u,v), and z(u,v), there must be three inde- 
pendent equations relating the six functions (of u and v), 
E, F, G, e, f, and g. One of these relations was derived by 
Gauss in the Xsquisitiones I and the remaining ones were found 
by’G. Mainardi in 1856 and then by D. Codazzi in 1860 [Bonnet 
1867, 311, (Codazzi published a detailed derivation in 1868- 
1869.) In 1867, Bonnet proved that any six functions, E, F, G, 
e, f, and g, satisfying the three equations of Gauss-Mainardi- 
Codazzi, and the condition EF - G* # 0, determine a surface 
uniquely up to its position in space, Furthermore, these six 
functions are the coefficients of the two fundamental forms 
of that surface. Bonnet’s result is generally referred to as 
the Fundamental Theorem of Surface Theory [l]. 
This is the sequence of events described in most 
differential geometry texts and the histories which are 
published outside the Soviet llnion. (See, for example, [Struik 
1934, 178-1801. Professor Dirk Struik recently called my 
attention to the translation of a differential geometry text 
in which the equations are referred to as the “Peterson- 
Codazzi formulas” [Pogorelov 1959, 1463. In the introduction 
to this text, Pogorelov calls Peterson and Minding the founders 
of the Russian school of differential geometry.) However, in 
1853 at the llniversity of Dorpat [now Tartu) in Estonia, the 
geometer F. Minding approved a dissertation containing a deriva- 
tion of two equations equivalent to those of Mainardi and 
Codazzi, as well as an outline of the demonstration of the 
Fundamental Theorem of Surface Theory. The author of this 
remarkable dissertation was a young Latvian student, Karl M. 
Peterson (1828-1881), who in the last sixteen years of his life 
was an active member of the Moscow Mathematical Society and a 
contributor to its journal Matematicheskie Sbornik. He is 
generally reg?rded as the founder of the Moscow School of 
Differential Geometry, and many of the ideas which first appeared 
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in his published works were later developed by a series of Moscow 
mathematicians (see section 3). 
Although praised by Minding, the dissertation was not 
published during Peterson’s lifetime. It lay in the archives 
of Dorpat University and was almost certainly not read by 
anyone (except Minding) until 1889. At that time, the mathema- 
tician A. Kneser read and transcribed parts of it. Based 
upon Kneser’s report and Peterson’s subsequent publications, 
P. StBckel wrote a paper in 1901 describing Peterson’s work. 
Two years later, D.F. Egorov and B.K. Mlodzeyevskii, both 
geometers at Moscow University, published a pair of papers which 
described Peterson’s investigations in partial differential 
equations and differential geometry. Subsequently, French 
translations of Egorov’s and Mlodzeyevskii’s papers appeared in 
Annales de la Facultg des Sciences de Toulouse (2)5, 1903, 
459-479. In 1905, the papers which Peterson had published in 
Matematicheskie Sbornik (1866-1878) were translated into French 
and also appeared in the Annales (2)7, S-263. Although 
Peterson’s published works were now readily available, infor- 
mation about his dissertation remained incomplete. Mlodzeyevskii 
knew of it through StXckel’s paper [Mlodzeyevskii 1903a 21, 
and the latter relied entirely upon Kneser’s report [StHckel 
1901, 1241, which was allegedly not as thorough as it should 
have been [Depman 1952, 157-1581. The complete dissertation 
was translated into Russian (from the original German) by 
I. Ya. Depman with the assistance of Ya. Kh. Sarva. It was 
published together with a series of commentaries (written 
mainly by the geometer S.D. Rossinskii) and a short paper by 
I. Ya. Depman in Istoriko-Matematicheskie Issledovaniya in 1952. 
It is extraordinary that this work, known to Moscow mathemat- 
icians at least since 1865, was not translated and published 
sooner. 
The purpose of this paper is to describe the main results 
which are found in Peterson’s dissertation and to suggest 
the probable sources for the ideas which are developed there. 
As the title of the dissertation, “On the Bending of Surfaces,” 
suggests, Peterson was concerned mainly with ideas originating 
in Gauss’ theory of surfaces and which were later developed by 
Minding. In addition to the influence of his teachers, Minding 
and Zenf, we will see that some of Peterson’s ideas and 
techniques were suggested by an earlier paper of Bonnet’s 
[1848]. In the course of the discussion, we hope to show that 
Peterson unquestionably deserves the credit for having first 
derived the two equations of surface theory which are commonly 
called the equations of Mainardi and Codazzi. Furthermore, we 
shall see that Peterson’s coordinate-free equations are simpler 
and more elegant than either Mainardi’s or Codazzi’s. Finally, 
we will argue that Peterson correctly outlined a demonstration 
of the Fundamental Theorem, although unlike Bonnet [1867], he 
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did not carry out the proof in all its details. 
1. KARL MIKHAILOVICH PETERSON: THE UNIVERSITY YEARS [2] 
Karl M. Peterson was born on May 13, 1828 in Riga, Latvia. 
Despite a rather meagre family income--his father was a hemp 
sorter--Peterson attended the Riga gymnasium for three and a 
half years, and on July 28, 1847 he was matriculated at the 
University of Dorpat as a student of the mathematical sciences. 
The university archives contain several applications from Peter- 
son for financial assistance on the grounds of poverty. 
While studying at the university, he did receive some aid; for 
example, Peterson's university transcript shows that his 
tuition was waived beginning in the second year. After success- 
fully completing the academic requirements for graduation, 
his inability to pay an additional fee delayed the receipt 
of his formal degree for several months, while his supporters 
repeatedly requested the trustees to waive this requirement. 
Peterson's university transcript lists the courses he 
completed, his instructors, and their evaluation of his work. 
It is reprinted in its entirety in Depman's paper, along with 
the record of his candidate's examination [Depman, 1952 140-143, 
151-1531. For our purposes, it suffices to list only the 
courses taken by Peterson in mathematics and related subjects 
and the names of his instructors. We have omitted courses in 
poetry, philosophy, chemistry, and some required courses in 
Russian language and literature. (The official language of 
the University of Dorpat was German, reflecting the earlier 
German conquest and settlement of this region. However, in the 
19th century, Dorpat was in a province (Livonia) of the Russian 
empire, and it is for this reason that there were required 
courses in Russian language and literature.) 
First semester: trigonometry, functions (Zenf); spherical 
astronomy, practical astronomy (Medler). 
Second semester: calculus and plane geometry, higher geometry, 
methods of teaching mathematics (Zenf); mathematical 
geography (Medler). 
Third semester: analytic geometry of surfaces, higher order 
equations, integral calculus (Zenf); physical astronomy, 
popular astronomy (Medler). 
Fourth- semester: theory of curves and surfaces (Zenf); theoretica 
astronomy (Medler). 
Fifth semester: calculus of variations, history of mathematics 
(Zenf); history of astronomy (Medler); physics (Kemz); 
statics (Minding). 
Sixth semester: dynamics, theory of probability (Minding); 
physics (Kemz.). 
Seventh semester: hydrodynamics, geodesy (Minding). 
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The official transcript suggests that Peterson learned the 
basic mathematical subjects, including geometry, from Karl Edward 
Zenf (1810-1849) who, until his death at the age of thirty-nine, 
occupied the chair in pure mathematics. Although it was Ferdinand 
G. Minding (1806-1885) who later influenced Peterson's choice of 
a dissertation topic, Zenf's influence on the young Peterson can- 
not be ignored. Zenf was not primarily a geometer, but he had 
been a student of Bartels from the time of the latter's arrival 
in Dorpat (from Kazan) in 1820, until his death in 1836. Zenf's 
earliest publication, "A Systematic Presentation of the Elements 
of Analytic Geometry in Space" (1829), reflected Bartels' ideas; 
his last work was on the theory of space curves [Depman 1952, 
1451. 
The transcript records that Peterson attended Minding's 
lectures only in applied mathematics (fifth, sixth, and 
seventh semesters). But for several years following Zenf's 
death, the chair in pure mathematics remained vacant, and all 
the university mathematics courses were taught by Minding. It 
is virtually certain, although not recorded on the transcript, 
that Peterson attended Minding's lectures in higher geometry. 
There is a reference to this in a note written by Minding which 
was attached to the dissertation before it was sent to the 
general faculty for approval: "this work [Peterson's 
dissertation], which arose as a result of the author's having 
attended my course several years ago, considers an aspect of 
higher geometry which is as yet little worked on today..." 
[Depman 1952, 154-1551. (Minding refers here to the deformation 
or bending of surfaces.) 
It will become apparent in the next section that Minding's 
ideas are clearly present in Peterson's dissertation, as well 
as in some of the investigations that he later carried out in 
Moscow. It is very likely that these ideas formed a part of 
Minding's lectures in higher geometry which were attended by 
Peterson. We will therefore briefly describe the main results 
in differential geometry obtained by Minding. Some of 
these are referred to explicitly in the dissertation. 
Minding first introduced the concept of the geodesic 
curvature (although this terminology is due to Bonnet [1848]) 
while determining the surface of minimum area bounded by a 
given curve (1829) (Appendix 9). In the following year he showed 
that the geodesic curvature can be expressed as a function of 
the coefficients of the first fundamental form and is there- 
fore a bending invariant. In 1839 he began a series of investiga- 
tions on the bending of surfaces which led to his discovery 
of necessary and sufficient conditions that two surfaces be 
isometric. In particular, he showed that two surfaces having 
the same constant (Gaussian) curvature are isometric. The 
general problem of determining whether or not an isometry 
exists between a pair of given surfaces is often referred to as 
Minding's problem. Minding also investigated the bending of 
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one surface of revolution into another. This may be regarded 
as a special case of the more general investigations which were 
taken up first by Peterson [1882] and then by a number of 
other Moscow mathematicians. A complete list of these papers 
is given in Depman [1952, 162-1631. 
To obtain his candidate's degree (i.e., baccalaureate), 
Peterson was required to pass a lengthy examination in six- 
teen subjects including the Russian language and an impressive 
list of mathematical subjects. He was examined on two topics 
in each area, so that he had to answer thirty-two questions, 
all administered in a single day (June 15, 1853), by seven 
professors (including Minding). One can't quarrel with Depman's 
conclusion that these examinations were little more than a 
formality [Depman 1952, 1531. But it may be interesting to note 
that Peterson received the grade of "extremely good" in most 
subjects (these included several questions on the partial 
differential equations of curves and surfaces). However, Minding 
judged his examination in higher geometry (harmonic divisions 
and projective transformations of conic sections) to be no more 
than "good." In the Russian language, he received only the 
grade of ziemlich gut although, according to Mlodzeyevskii, Peter- 
son spoke Russian perfectly except for a slight accent, and his 
prose style, as exhibited in his published papers, was 
exceptional. 
The final and most important requirement, the candidate's 
dissertation, was submitted on July 23, 1853, and is registered 
in the Dorpat University Archives as: "No. 33...Vber die Biegung 
der FlZchen. Eine Abhandlung zur Erlangung der W&de eines 
Candidates verfasst von K. Peterson." On September 4, 1853, 
Minding sent the dissertation to his colleagues for their approval. 
Attached to it was a short note (quoted in part above) in 
which Minding informed them that the main ideas of the 
dissertation had originated in a course he had given several 
years earlier. He went on to add his evaluation of Peterson's 
effort: 
This work . ..considers an aspect of higher geometry, 
as yet little worked on today, by means of an extremely 
original and ingenious method to which I give my full 
approval. It is regretable that the presentation is 
often extremely unclear and difficult to read; this 
is due to the fact that the author did not have 
sufficient time to produce a more perfect presenta- 
tion. As a specimen ingenii atque industriae (an 
example of ingenuity and industry), insofar as this 
can be required of a candidate's dissertation, the 
work is in my view exceptional. Minding 
[Depman 1952, 154-1551. 
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The translator (I. Ya. Depman) of the dissertation has 
described some of the imperfections which made Peterson’s 
original manuscript so difficult to read. It was written in a 
rather small notebook (15 cm x 10 cm, which is somewhat less 
than half the size of a page of this journal) in a very fine 
and occasionally indecipherable gothic script. The original 
manuscript is not divided into paragraphs--one computation 
follows another, sometimes without so much as an explanatory 
remark. It is obvious that the manuscript was prepared with 
only a single reader in mind--Minding. Only this and Peterson’s 
great haste to complete the dissertation can account for the 
paucity of explanation, the conciseness of some calculations, 
and the frequent failure to justify assumptions or to cite 
other authors. Clearly Peterson did not have publication in 
mind at that time. Nevertheless, it remains something of a 
mystery why he did not later revise the manuscript for publica- 
tion, especially after it had been so highly praised. Surely 
he was aware of the subsequent publications of Mainardi, 
Codazzi, and Bonnet, and that these geometers received the 
full credit for what he had done earlier. The dissertation% 
lack of clarity and occasional indecipherability may, however, 
explain why no one succeeded in reading it until Kneser, and 
even Kneser may have overlooked some points in his summary of 
its contents; for according to Depman, “He [Kneser] lacked 
the patience to decipher [it] completely” [Depman 1952, 1581. 
Minding’s five colleagues to whom the dissertation was sent 
gave their unqualified approval, although it is doubtful 
that any of them succeeded in understanding it. Not one of 
its readers (except for Minding) was a mathematician. (It will 
be recalled that for several years after Zenf’s death, Minding 
was the only professor of mathematics at the university.) 
On December 17, 1853, Minding informed the University 
Council of the examination results and submitted his 
evaluation of the dissertation. Final confirmation of the 
degree was withheld for three months because it was alleged 
the Peterson--by virtue of the “estate” to which he belonged-- 
was not eligible for a waiver of fees. After repeated 
requests, the trustees finally agreed to waive the gradua- 
tion fees, and on March 23, 1854, Peterson received his diploma. 
2. KARL M. PETERSON’S DISSERTATION: 
ON THE BENDING OF SURFACES 
The opening pages of Peterson’s dissertation consist 
mainly of material which can be found in Gauss’ Disquisitiones. 
The author introduces the coordinates x, y, and z of the 
points on a surface as functions of two variables 1 and X (Gauss 
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used p and q). Then the differential arc length ds = 
(Ed12 + 2E'dldX + E"dh2j4 ' 1s defined at each point (here Gauss 
used E, F, and G for the coefficients) as are the angles w and 
w’ made by an arbitrary curve (ds) with the directions dX = 0 
and dl = 0, respectively, and the angle 0 formed by the 
two coordinate lines. Finally, the direction cosines of the 
surface normal are found and the tangent plane is defined 
(Appendices 7 and 8). 
Following these introductory remarks, Peterson observes 
that it is often convenient to make a special choice for the 
parameter lines (usually to simplify calculations). He 
proposes to determine at each point of the surface the direc- 
tions--and the corresponding curves--having the property that 
along these curves the surface normals form a developable 
surface. This permits Peterson to introduce the lines of 
curvature (Appendix 10) by way of a theorem of Monge: 
A curve on a surface is a line of curvature if and 
only if the surface normals along the curve form a 
developable surface. 
This prescription rapidly leads to a familiar set of conditions: 
dx = -rat, dy = -rdn, dz = -rdr;, 
where (x, y, z) denotes a point on the surface at which the 
unit normal has direction cosines 5, n, 5. These are the 
formulas of Rodrigues for the lines of curvature [Peterson 
1952, 90-921 (see as well Appendix 11). 
The remainder of the preparatory section is mainly 
concerned with the curvature of a curve at a point and its 
projections onto the surface normal and the tangent plane-- 
the normal and geodesic curvatures, respectively. According to 
Peterson’s definition, the curvature da of a curve at a point is 
the product k ds, where k (in modern terminology) is the 
magnitude of the curvature vector (Appendix2), and ds is 
the differential arc length measured along that curve. The 
tangential (or geodesic, in today’s language) curvature 
is given by da cos$, where $I is the angle formed by the 
osculating plane to the curve and the tangent plane to the 
surface (Appendix 9). Here Peterson proves Minding’s theorem 
(see section 1)--that the tangential [geodesic] curvature 
l/~ is a bending invariant. This is done by expressing it as 
a function of the coefficients E, E', E" of the first 
fundamental form and their first derivatives: 
1 - = da cos@ = dw + (Eq-E'p)dl + (Eq'-E'p')dh 
T tE 
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Neither U, the angle formed by the curve (ds) and dh = 0, nor 
ds and its coefficients are altered if the surface is bent. 
Therefore, the remaining terms, p, p', q, q', and t, which are 
expressed in terms of E, E', and E" and their first partial 
derivatives with respect to 1 and X, are also bending 
invariants [Peterson 1952, 941. 
Peterson concludes the discussion of the tangential 
curvature by deriving a very useful and elegant expression 
for the tangential curvature of an arbitrary curve (as). 
It is expressed in terms of the tangential curvatures of the 
intersecting curves of an arbitrary orthogonal net: 
1 -=!g+s!y++!p 
T 
[Peterson 1952, 961. Further on, Peterson writes, "If 
the tangential curvature da co+ is zero, then it [the 
osculating plane] is perpendicular to the surface, and the curve 
in the surface is not distorted [bent or twisted]; i.e., it 
has the minimun curvature which a curve in a given direction 
may have. In this case, we shall call it the shortest curve 
on the surface" [Peterson 1952, 991. Setting l/r = da cos$ = 0 
in the above equation yields 
dw cosw sinw -= _-_ - 
ds T' T" 9 
which coincides with the equation for geodesic curves derived 
earlier by Bonnet [1848, 391, and with which Peterson, according 
to Rossinskii 11952, 1191, was undoubtedly familiar. (It 
should be emphasized that neither Bonnet nor any other author 
is cited by Peterson. However, as one reads the dissertation, 
one becomes increasingly certain that Peterson had mastered the 
contents of Bonnet's M&mire [1848] thoroughly.) Peterson's 
derivation of the equation for geodesics is, however, quite 
different from Bonnet's. To Bonnet, the geodesics were extremals 
of the following variational problem: For a given direction 
measured with respect to one of the coordinate lines of an 
orthogonal net on the surface, we write the arc length of 
a curve joining the points A and A' as r(dx2 + dy2)%. By taking 
the variation of the integral, Bonnet concluded that the shortest 
path (if it exists) occurs when the geodesic curvature is 
equal to zero [Bonnet 1848, 37-391. 
Returning to Peterson's definition, it should be emphasized 
that Peterson did not prove that the geodesic, or as he called 
it, "the shortest curve," did indeed possess the extremal 
property suggested by the name he gave it. His approach was 
to define the geodesic as the curve having zero tangential 
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curvature, which is the way it is generally done today. One 
then proves, using a variational argument similar to Bonnet's, 
that if a shortest path exists, then that path is the geodesic. 
Turning next to the normal curvature ds/r, Peterson 
derives Euler's formula: 
ds 
2 2 
- = do sin4 = cos w  
r 
7 +sin ds. 3' I 
The quantities r' and r" are the principal radii of curvature, 
i.e., the radii of normal curvature of the lines of curvature 
(Appendix 10). Here w  denotes the angle formed by an arbitrary 
curve (ds) and the curvature line d(r') [Peterson 1952, 971. 
As in the discussion of the tangential curvature, Peter- 
son inserts a heuristic paragraph: if the normal curvature 
dasin$ of a curve vanishes, then !'its [osculating] plane 
coincides with the [tangent] plane of the surface, and conversely; 
here the curvature once more possesses a minimum, but in 
another sense: namely, that no matter how the surface is bent, 
its curvature will always increase [before bending, do = da cos$; 
after bending, the right side is unchanged, but since the 
normal curvature dasin$ ceases to be zero, the quantity do 
increases]. . ..For this reason, we call it a curve of bending 
of the surface" [Peterson 1952, 9911. In modern terminology, 
these are the asymptotic lines, along which the second fundamental 
form vanishes. 
Peterson's remarks reflect his preoccupation with the 
deformation (or bending) of a surface, which was to occupy 
him in later years. Commenting further on the curvatures, 
Peterson points out that the normal curvature depends only 
upon the direction w  of the curve with respect to one of the 
parameter lines, and not at all upon 4, the angle made by the 
osculating and tangent planes. Thus, he concludes, "the 
first [tangential] expresses the curvature in the surface and 
does not change if the surface is bent, whereas the second 
[normal] may be considered as belonging to the surface and 
doesn't change if the curve is deformed in the surface" 
[Peterson 1952, 97-981. 
In the &moire [Bonnet 1848, 16-17, 521, an expression 
was derived for the second courbure g&od&ique (geodesic 
torsion; see appendix 6). Peterson gives another derivation 
of this expression and states without proof, but with an 
interesting heuristic argument, that the lines of curvature 
have zero geodesic torsion [Peterson 1952, 98-1001. 
Midway through the paper, Peterson begins a series of 
computations which will lead to the fundamental equations of 
surface theory. Here, as elsewhere, the author did not consider 
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it necessary to inform the reader (Minding) what he was about. 
He simply begins by deriving the quadratic equation for the 
principal radii of curvature r’ and r": 
2 2 
(ee" - e' )r - (eE" -2E'e + Ee")tr + t4 = 0 
[Peterson 1952, 1011, after which he announces his intention to 
determine the corresponding radii of tangential curvature t ’ 
and r”. The two and a half pages of computations which follow 
lead to a pair of equations which are equivalent to Codazzi’s 
equations. We will see that the form of Peterson’s equations, 
as well as the techniques and some notation, were suggested 
by parts of Bonnet’s M&moire, although the French geometer 
apparently never thought of putting his results to such an 
end. 
In part II of the i&moire, Bonnet derived a very general 
formula for the geodesic curvature at a point A of a curve 
passing through the points M, A, and N. Choosing a point Al 
“infinitely close ” to A and situated on a curve which lies in 
the surface and is perpendicular to MAN at A, Bonnet denotes 
by ds the differential displacement along MAN, and by do the 
displacement AA1 along the orthogonal curve. Letting o be the 
curvature of MAN at A, and 0 the angle formed by the tangent 
plane and the osculating plane, Bonnet derives a relation which 
“plays a great role in the theory of curves on a surface”; he 
promises to deduce from this formula a “great number of important 
results” [Bonnet 1848, 36, 371. This relation is given in two 
forms, as Eq. (7) on page 36 and a page later as 
(7 bis) 
case 6ds =-gads -- 
P 
The quantity cosf3/p is the geodesic curvature of MAN at A. 
Peterson did not need Bonnet’s formula in its most general form, 
but only for the special case that the orthogonal directions 
correspond to the displacements d and 6 along the (orthogonal) 
1 ines of curvature, For the lines of curvature, the displace- 
ments may be expressed by Rodrigues’ formula (see page 
and Appendix 11) . Making this substitution, Peterson quickly 
arrives at a pair of compact expressions for the tangential 
curvatures: 
1 d(h) 1 6 (ds) 
71 = Gsds ';t= 
-. 
ds6a 
Generally, the derivation of the so-called Codazzi equations 
starts with a statement of compatability conditions. Bonnet 
[1867, 34-351, for example, obtains his version of Codazzi’s 
equations by using xuV = xvU, etc. (x, y, and z are the coordinate 
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functions of u and v). Peterson uses instead s(Z) = d(S<), 
etc., where 5, n, 5 are the direction cosines of the surface 
normal. These conditions lead to the formulas 
11 1 
7 [ I r ' 
- p =LLp; (1) 
= dfl/r”) 
ds (2) 
[Peterson 1952, 1031. Once more making use of Bonnet's formula 
for the tangential curvature and the compatability conditions, 
Peterson derives Gauss' equation for the total (Gaussian) curvature 
K = l/r'?' at a point on the surface: 
1 -= 
r'r" 
a(ds/r') + d(6s/T") 
6sds Gsds (3) 
[Peterson, 1041. It will be recalled that the equivalent 
equation which was first derived by Gauss (Eq. (3*) below) was 
used to show that the Gaussian curvature is a bending invariant. 
Here it is easily seen that the right side of (3) contains only 
quantities which remain unaltered if the surface is bent-- 
namely, the tangential curvatures of the lines of curvatures 
and the displacements along these curves. 
Before continuing, we pause to show that (1) and (2) are 
indeed equivalent to Codazzi's equations, and (3) to Gauss' 
equation. For convenience, we will write the coefficents of the 
two fundamental forms as E, F, G, e, f, g in place of 
Peterson's E, E', E", e, e', e", and take the parameter lines 
u and v = const. to be the lines of curvature. For this 
choice of parameters, F = f = 0 [Struik 1950, 99],and Codazzi's 




9, = 2 GU r 1 %E LE c2*1 
Gauss' equation becomes 
If d is taken as the displacement along the curve v = const., 
and 6 along the u = const., then ds = E'du and 6s = G'dv. The 
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corresponding expressions for the normal and tangential 
curvatures are l/r’ = e/E, l/r" = g/G, l/r’ = (-l/(EG)$ (a&/avj 
and l/~" = (-l/(EG)*) (a~L/h). Upon substitution of these quanti- 
ties into (1), (2), and (3), they will coincide with (l”), (2*), 
and (3*) [4]. 
Mainardi published an equivalent set of equations in 1856; 
Codazzi derived his equations in 1860, publishing a detailed 
account in 1868-1869. Thus the priority of discovery is 
Peterson’s, Furthermore, it should be noted that Peterson’s 
equations are coordinate free and considerably more compact 
and elegant than Codazzi’s [1868-1869, 273-2751. One of the 
latter’s lengthy equations can also be found in Coolidge 
[1963, 3611. Mainardi’s derivation and equations are also rather 
complicated and contain such a great number of geometric 
quantities that Coolidge has written, “It is usually stated 
that these [Codazzi’s] equations are equivalent to those of 
Mainardi . This must be so if both are correct. But I wonder 
if anyone has ever tried to establish the identity” [Coolidge 1963, 
3611. How then did Peterson discover such a simple, elegant 
and coordinate-free form for the equations of surface theory? 
Again the answer lies in Bonnet’s Mhoire. 
Part II of Bonnet’s paper begins with the statement of a 
theorem of Dupin: “The surfaces of a triply orthogonal system 
intersect in the lines of curvature” [Bonnet 1848, 211. The 
author goes on to state (and then to prove) a theorem of Lame, 
which establishes a set of interesting relations among the 
radii of normal curvature of these surfaces. These relations, 
expressed by the six equations which appear below, undoubtedly 
suggested to Peterson the form of Eqs. (1) and (2). Let s, s , 
and s represent the curves of intersection of a triply 
orthogonal system of surfaces. The surface containing s and s1 
is designated by ssl; similarly for s s 
12 andss. The 
principal radii of curvature of s1s2, s2s, and $sl, respectively, 
are give11 by (Y~,c~), (y2,c), and (Y,c,). Lame derived nine 
equations of which only the following six are independent: 
dCl/cJ 1 1 1 -=- -_- 
ds2 i 1 d(l/y) 1 1 1 Y =- - - - Y c Y2 ' dsl c I c Y c1 , 
d(l/+ 1 1 1 
ds = yl Fl - 7 ' r 1 dl/yl) 1 1 1 ds2 = ;I Tl - c2 ' c 1 (a> 
dfl/c,) 1 r 1 1  d(l/y.$ = 1 1 1 
dsl =y2 c2- Tl ' ds c 111 zy2- c 
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[Bonnet 1848, 22-231. We note for example that the principal 
curvatures l/c and l/Y2 of the surface s2s are related by 
the first and last equations; the remaining four equations 
are similarly paired. At a later point in the M&moire 
[1848, 55-561, Bonnet returned to LamBIs formula and proved 
that the normal curvature of any one of these curves on some 
surface is equal to the geodesic [tangential] curvature of a 
curve on one of the other surfaces. In particular, on s2s the 
principal curvatures are l/y2 and l/c, and the geodesic curva- 
tures are l/c2 and l/y. WC2 and l/y are each normal curvatures 
of a line of curvature on s s 12 and ss 1, respectively.) Thus, if 
in the first and last equations we make the substitutions l/c2 
= l/r’ , l/y = l/Y’, l/y2 = l/r', and l/c = l/r”, and also 6/6s 
for d/&s, and cl/as for d/ds2, we obtain 
d(l/r") = 1 
ds 71 
These are of course Peterson’s Eqs. (1) and (2). The fact that 
these equations seem to follow directly from Lame’s equations 
in no way detracts from Peterson’s achievement. For one thing, 
Bonnet himself did not see that they suggested the required 
two equations of surface theory. 
It would be natural to ask then, why didn’t Peterson simply 
cite Lam6 and/or Bonnet, and then make the appropriate sub- 
stitutions to obtain (1) and (2)? Why did he choose instead to 
give an independent derivation, not in any way relying upon the 
triply orthogonal system of surfaces? It may well be that he 
simply wished to derive everything which appeared in his thesis; 
indeed, the first part of the dissertation is taken up with proofs 
of theorems of Gauss, Minding, and others. However, it is quite 
possible, perhaps likely with Minding as his teacher, that 
Peterson was familiar with a result obtained by Bouquet in 1846 
[quoted in Forsyth 1920, 4091, which asserts that not every 
surface belongs to a triply orthogonal system. For this reason, 
Lame’s formulas would not give the fundamental equations for all 
possible surfaces. 
Following the derivation of the equations of surface theory, 
Peterson pro-ves a theorem about curves on a developable surface. 
Although Mlodzeyevskii refers to this original result as a 
“simple but elegant theorem” [Mlodzeyevskii 1903, 31, and 
Stlckel calls it "ein sch&zes Theorem" [StZrckel 1901, 1261, 
it is not related to the Fundamental Theorem and will therefore 
not be stated here. 
In the final pages of his dissertation, Peterson states 
the Fundamental Theorem of Surface Theory and gives a 
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heuristic, geometric outline of the proof. A full, rigorous 
demonstration of the existence of the surface corresponding 
to the six functions requires a proof that a system of partial 
differential equations has an infinite set of solutions, and 
that a particular solution is determined if the position of 
the surface (in space) is specified. Bonnet later carried out 
such arguments with considerable detail and great clarity 
[Bonnet 1867, 31-431. Doubtless if Peterson had intended to 
publish his dissertation, he would have expanded this 
section by supplying the necessary details and making the 
arguments more orderly and clear. However, it will be recalled 
that Peterson completed the manuscript in great haste in 
order to meet a deadline (see Minding’s note which is quoted 
in section 1). With Minding as the only probable reader, he 
was able to omit many details that someone less familiar with 
the subject would have required. 
Peterson’s great haste to meet this deadline was also 
responsible for some “slips of the pen” which have been corrected 
by the editors and translators. More serious than these minor 
slips is the generally sloppy treatment of the Fundamental 
Theorem itself. The theorem is not even stated until the 
arguments have already begun. Furthermore, there is a mathematical 
error on the last page of the original manuscript which 
apparently went unnoticed by Minding. Rossinskii has made 
the necessary correction in the commentaries and completed 
the demonstration as he believes Peterson would have done 
(see below) . Al though the error is not trivial, there can be 
little doubt that Peterson was quite capable of rectifying 
it had it been brought to his attention. Indeed, the remainder 
of the dissertation attests to his ability to carry out complica- 
ted calculations . 
We turn now to Peterson’s statement of the Fundamental 
Theorem and his (outline of the) proof. The coefficients 
e’, and err (or e, f, and g) of the second fundamental form 
z&e been replaced in Peterson’s version of the theorem by 
r', rrr, and v (the principal radii of curvature and the angle 
formed by the direction d(r') of one of these lines of curva- 
ture and A = const .) . Since Bonnet is generally credited 
with having first stated and proved this theorem, we include 
his statement for the purpose of comparison: 
PETERSON : “If one is given the six magnitudes E, E', E", 
r', r", and v, then a surface is determined up to its position 
in space” [Peterson 1952, 1091. 
“They [the magnitudes r', r" and v] are not arbitrary, 
but related by three equations” [Peterson 1952, 1101. 
BONNET : “We will show how rectangular coordinates may 
be calculated for a surface for which we know, as functions 
of u and v, the eight quantities f, g, M, N, P, Q, R, S, and 
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prove that if they satisfy equations (3), (4), and (5), 
then they correspond to one and only one surface” [Bonnet 
1867, 351. 
(There are very simple relations which express each of Bonnet’s 
eight quantities in terms of the standard six, E, F, G, e, f,  
g. Equations (3)) (4)) and (5) of Bonnet correspond to Peter- 
son’s (I), (Z), and (3) .> 
Peterson’s brief argument requires five relations which 
had been derived earlier in the manuscript. They are brought 
together by the author [Peterson 1952, 1081 for easy reference: 
ds = fEd12 + 2E’dldA + E”dA2)‘, (11 
cosw = Ed1 + E’dh tdX 
E’ds 
, sinw = 1 tdl 
E’ds 
> tgw = 
Edl + E’dh’ 
cosw, _ E’dl + E”dX tdl tdl 
s, , 
sinw’ = 1, tgw’ = > (2) 
E” ds E”‘ds E’dl + E”dh 
ds docos$ = y  = dfw-v) (3) 
dosin@ = ds = 
r 
(4) 
da’ =f - -$ sin(w-vlcos fw-v)ds + d$. 
II 
(5) 
(@J, fJJ’ are the angles formed by an arbitrary ds curve with 
the parameter curves X = const. and 1 = const., respectively 
[Fig. 21; v is the angle between the curvature line d(r’) and 
x = const.; QJ is the angle formed by the osculating plane 
(to ds) and the tangent plane [to the surface] du, da’ are the 
first and second curvatures [i.e., the curvature and torsion]; 
T’, T”, r’ and r” are the radii of tangential and normal curva- 
tures of the lines of curvature; T and r the corresponding 
radii of curvature of the ds curve.) 
The idea of the proof is to “build” the surface correspon- 
ding to the six magnitudes as a one-parameter family of curves. 
For this reason Peterson begins by showing how Eqs. (l)-(S) 
determine a curve. First the assertion is made that whenever 
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Figure 2 
1 is given as a function of h, then these equations determine 
a curve uniquely up to its position in space: indeed, for each 
value of X, 1 is determined, and consequently so are ds (Eq. 
(I)), w (Eq. (2)), 4 and do (Eqs. (3) and (4)), and da’ (Eq. (5)). 
We recall also that Peterson had earlier demonstrated that the 
tangential curvatures l/t’ and l/r” may be expressed in terms 
of the functions E, E' , E" and their first partial derivatives. 
But if ds, da, do' are known, then the curve is completely 
determined up to its position in space. (It is likely that 
Peterson was familiar with the Frenet-Serret formulas for the 
tangent, curvature and torsion; they are given in vector form 
in Appendix 6. Knowing ds, do, and da', is equivalent to 
knowing k and T as functions of s. When this is the case, the 
differential equations of Appendix 6 can be solved and their 
solution uniquely determines a curve up to its position in 
space.) The quantities X, 1, w, and 6, on the other hand, 
determine the position of the curve on the surface itself 
[Peterson 1952, 108-1091. 
Applying these general arguments to the special case 1 = 0, 
Peterson concludes that this curve is determined up to its 
postion in space. “We give it any position” he continues. Then 
“the position of any curve [of the form] X = const. is determined 
by [the values of] $ and w” [Peterson 1952, 1091. That is, 
once the position of the curve 1 = 0 is fixed, then the 
osculating plane at any point on the curve (such points are 
determined by the choice of X) is determined. Since #I = 4(h) 
can be found from (3) and (4), the position of the tangent 
plane (to the surface) for each point on the curve 1 = 0 is 
fully determined. The desired surface is therefore defined to 
be the locus of curves A = const. which emanate from the 
points of 1 = 0. The direction w = w(X) of each curve X 
= const; in the tangent plane is obtained from Eq. (2). 
Only the position of the initial curve 1 = 0 is not determined 
by the six functions E, E' , E", r' , r”, and v. But we have 
just seen that if this position is specified, then through each 
point of the curve 1 = 0, a unique curve h = const. is completely 
HM6 Karl M. Peterson 155 
determined by the values of ds, da, du', 4, and w as computed 
from Eqs. (l)-(S). 
Peterson’s argument is quite sound, but as it stands it 
is only the outline of a proof. Unlike Bonnet, he did not 
demonstrate the existence of a surface by showing that the 
system of partial differential equations may be solved. I 
believe that Peterson could have done so, were he not working 
under the pressure of a deadline. In fact, years later he 
published several exceptional papers in the theory of partial 
differential equations [see Egorov 19031. 
Before taking up the question of the relationships existing 
among the six quantities, Peterson makes a few remarks on a 
subject which was of particular interest to Minding: “If 
for two surfaces [the coefficients of the first fundamental 
form] E, E', E" are the same, then the elements of one surface... 
can be. carried into the other surface...This can be regarded as 
the definition of bendability” [Peterson 1952, 1091. 
Restated in modern terminology, Peterson’s assertion 
becomes : two surfaces are said to be isometric if there 
exists a bicontinuous mapping which preserves the first fundamental 
form. Bonnet made a similar statement: “If, for example, one 
is given f and g, then these relations [ (3)) (4), and (S)] 
determine M, N, P, Q, R, s...for all surfaces which are 
applicable to one whose linear element [differential arc length] 
is given by (f2du2'+ 2 2 ‘I1 g dv ) [Bonnet 1867, 351. 
The similarity of these remarks is not accidental, although 
Bonnet almost certainly never heard of either Peterson or his 
dissertation at the time that he wrote the M&mire of 1867. 
Even the titles of their papers are similar--‘% the Bending 
of Surfaces” [Peterson] and ?&lmoire sur la theorie des surfaces 
appliquees sur une surface donnee” [Bonnet]. The question- -when 
are two surfaces applicable?--had, before 1860, “commanded 
the attention of Minding and Bonnet in France, who had framed 
the problem as that of recognizing when two surf2aces are 
applicable, that is, when they have the same ds ” [Struik 1934, 
1791. In 1859, the Paris Academy had proposed this problem for a 
contest. Codazzi won an honorable mention for his entry in 
1860, and it was to this “beau mi?moire” (in which Codazzi’s 
equations first appeared) that Bonnet referred upon setting out 
to prove the Fundamental Theorem [Bonnet 1867, 311. 
Returning to the problem of finding three equations relating 
the six magnitudes, we recall that a surface is fully determined 
by exactly three coordinate functions. Therefore, the six 
functions are redundant, and there must be three independent 
relations. These are Gauss’ equation and the two equations 
of Codazz i . We have already shown that Peterson’s equations 
are equivalent to those of Codazzi. However, they were not 
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given as equations in E, E', E", r', r”, and v, but in terms of 
-cc', T", r', r", ds, and 6s. The final page of Peterson’s 
manuscript is devoted to a derivation of the desired equations. 
Unfortunately there is an error in the very last substitution 
of the derivation [s]. It has been corrected by Rossinskii 
in the commentaries; the corrected equations are as follows: 
I. ucosv us inv T’+-+ 
dv 6_[l/r’l 1 1 
T” Uds= 6s , L “Z- r’ -21 1 9 
II. 
III. 
usinv ucosv 6V dh/'r"'j , 
--7----U-=- 'I " 6s ds 
cosv ds + sinv ds 
=, T ” I 
Gsds 
sinv 6s+ cosv 6s 
-[, T” 
6sds 
The first equation is found by multiplying Peterson’s Eqs. 
(1) and (2) by cosv and sinv, respectively, and then adding. 
II is found in a similar way by multiplying these equations by 
sinv and -cosv [Rossinskii 1952, 130-13.21. The geodesic 
curvatures l/~’ and l/V’ as well as the differential arc 
elements ds and 6s may be expressed in terms of E, E', and 
E" , so that I, II, and III are indeed equations in the six 
desired quantities. 
There can be no question that Karl M. Peterson was the 
first to derive the two fundamental equations needed to comple- 
ment Gauss ’ original one. Moreover, he correctly stated the 
Fundamental Theorem and gave a completely correct outline of 
its proof. It is very likely that any competent mathematician, 
having read Peterson’s arguments, could have supplied the 
missing details. Al though the incorrect substitution 
made by Peterson on the last page of the dissertation leads 
to a pair of incorrect equations, Rossinskii has demonstrated 
that they can be easily corrected. Surely Peterson would 
have done this had he decided to publish the manuscript. 
3. PETERSON IN MOSCOW 
It could be argued-- with some justification--that if 
nothing more had been done by Peterson, then the establish- 
ment of priority in itself would be of limited historical 
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significance. However, about eleven years after he received 
his candidate’s degree, Peterson appeared in Moscow where 
he played a major role in the development of a school of 
differential geometry at the university. 
It is not known what Peterson did or where he lived 
during the decade or so following his graduation from the 
University of Dorpat. The geometer Mlodzeyevskii, who 
interviewed former friends, colleagues, andstudents of 
Peterson, concludes that it was ~‘difficult to establish 
with any degree of certainty when Peterson settled in Moscow, 
or where he first resided as a tutor in a distinguished family. 
In 1865, he began teaching at the Peter-Paul German school”, 
where he acquired a reputation as an excellent teacher and as 
a man of “direct and noble character” [Mlodzeyevskii 1903, 51. 
In 1866 A.Yu. Davidov, a professor of pure mathematics 
at Moscow University, was also teaching at the Peter-Paul 
Schoo 1. It is very likely that he met Peterson at this time. 
Since 1864 Davidov had been a member of a small group 
(about thirteen or fourteen) of mathematicians, physicists, 
astronomers, and specialists in mechanics who met regularly 
to read original papers and to give reports, surveys and 
reviews of texts and articles which had been published abroad. 
The group received official recognition in 1867 when it was 
chartered as the Moscow Mathematical Society. Peterson 
became an active member of this group and published a paper 
[Peterson 18661 in the first volume of the society’s journal, 
Matematicheskie Sbornik. The results contained in this paper 
and another which appeared in 1867 may be found in a 
“revised and more complete form” in a monograph published in 
1868 [Rossinskii 1949, S-61. Although the monograph was 
published in German, it could not have been widely known. For 
Mlodzeyevskii and later Rossinskii and others have alleged 
that in these early papers, as well as in his third and 
last geometrical work [1882], Peterson introduced ideas and 
derived results that western mathematicians were to duplicate 
later [6]. 
It is not possible to discuss the content of these geomet- 
rical papers here. This has been done by Rossinskii [1949] 
and Mlodzeyevskii [1903]. (A French translation of the latter’s 
paper appeared in the same year. See references.) But 
since Karl Peterson is so frequently referred to as the 
founder of the Moscow School of Differential Geometry 
[for example, by Yushkevich 1968, 5111, we will give a brief 
summary of his activities in Moscow and indicate the extent 
of his influence on later mathematical investigations at 
Moscow University. 
Although Peterson was an active member of the Mathematical 
Society and greatly admired by the leading Moscow professors 
of mathematics, he never taught at the university. Two 
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possible reasons for this come to mind: First, Russian was 
not his native language, and there were at various times 
restrictions on foreigners teaching at the university [7]. 
But an equally important reason may be that Peterson never bothered 
to obtain any higher degrees in mathematics. However, in 
1879 the Novi-Russkaya University awarded him an honorary degree 
for his work in partial differential equations. Egorov 
[1903, 4751 held Peterson's investigations in this area in 
high esteem and wrote that although many of Peterson's most 
important results could be found in the works of other authors, 
his papers merited careful study for their ingenious and 
original method of exposition. But the most widely held 
opinion is that Peterson's investigations in differential 
geometry were far more significant: "For the richness of the 
results he obtained [in differential geometry] and for the 
abundance of his profound and ingenious ideas, he undoubtedly 
deserves a top place. However, in his investigations in 
partial differential equations, Peterson was only on a 
level with his contemporaries," [Mlodzeyevskii 1903, 11. Why 
then was he awarded an honorary doctoral degree for the latter 
investigations? Depman [1952, 1641 explains that professors 
N.A. Umov and V.V. Preobrazhenskii, who recommended that 
the degree be conferred, were, respectively, interested in 
theoretical physics and the partial differential equations of 
hydrodynamics, and it is very likely that they were not too 
familiar with Peterson's papers in geometry. 
Before Peterson's time there were no differential geometers 
of great stature in Moscow. By and large the investigations 
of curves and surfaces carried out at Moscow University before 
the 1860s were related to applications in physics, engineering, 
architecture, and map-making. This, generally speaking, 
involved the geometry of Euler, Monge, and Dupin. The idea of 
the "intrinsic" geometry of a curve or surface, as developed 
first by Gauss and then others, had not made its way into the 
investigations of Moscow mathematicians. It was Peterson who 
introduced these ideas and stimulated others to carry on the 
investigations that he had begun. 
There had been;however, an independent tradition of 
synthetic geometry at Moscow University whose main proponent 
was V.Ya. Tsinger (1836-1907), and whose students K.A. Andreev 
and A.K. Vlasov continued this tradition well into this 
century. Mlodzeyevskii, although nominally a student of 
Tsinger's, was in fact the first mathematical heir of Peterson 
and Minding at Moscow University. His investigations of bending 
invariants, deformations along principle bases (Appendix 12) 
and questions of isometry and applicability demonstrate this. 
The earliest works of Tsinger's youngest student, D;F, Egorov 
(1869-1939), were in differential geometry and partial 
differential equations. Although Egorov was too young ever to 
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have met Peterson, his investigations in these areas show 
Peterson's influence. Mlodzeyevskii's and Egorov's student, 
N.N. Luzin (1883-1950), who was the leading figure in the 
formation of the Moscow School of the Theory of Functions 
(1914-1925), was strongly influenced by these geometrical ideas. 
Not only does much of Luzin's work in real analysis and descrip- 
tive set theory bear the imprint of a strong geometrical 
tradition, but his last works were devoted to a problem first 
studied by Peterson [Phillips 1978, 2991. 
Throughout this century, many investigations in differential 
geometry have been carried out at Moscow University, including 
a series of works [listed by Depman1952, 161-1631 on questions 
which were first addressed in Peterson's papers. Although his 
name is little known outside the Soviet Union, Karl M. 
Peterson was unquestionably a mathematician of the first rank, 
whose investigations in differential geometry established 
a tradition of geometrical research at Moscow University--(Further 
descriptions of investigations in differential geometry at 
Moscow University in the 19th century may be found in Yushkevich 
[1968] 511-519 and Kovantsov [1967] 429-436. More recent 
investigations are described by Finikov [1954] and Blank [1968]. 
Finikov's paper contains an extensive bibliography.) 
APPENDIX 
A space curve is given by three coordinate functions, 
x = x(s), y = y(s), and z = z(s). Using vector notation, 
%s) = (x(s), Y(S) I z(s)). 
1. The unit tangent vector at a point of a space curve 
is f = dz/ds, if s is taken to be the arc length. 
2. The curvature vector t = dz/ds = h?, where g is the 
unit vector in the direction of x. The magnitude ];I = k of 
this vector is called the curvature. 
3. The vector (or cross) product ?xg is called the 
unit binormal. 
4. These definitions give z, z, g the orientation of 
the xI Y, z-axes of a right-handed system. Peterson has 
taken T, z, g to form a right-handed system, which accounts 
for several differences in sign. 
5. The osculating plane to the curve at a given point is 
the plane containing thg vectors z and 2 or, equivalently, the 
plane perpendicular to b. 
6. Fr‘enet-Serret Formulas for a curve in space: 
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The magnitude t is called the torsion of the curve (the second 
curvature in older texts and papers). 
7. A surface in three dimensional space is given by 3 
= hv) = (x(u,v) I Y(U,V), z(u,v)) - tu and ?? are vectors 
V 
which are tangent to the parameter curves v = const. and 
u = const. respectively. 
8. The vector $ = tU x zv / \xu x xv1 is called the 
unit surface normal. (For Peterson, the components of ;f, 
or its direction cosines, are denoted by g, n, c.) The 
tangent plane at a point of a 3urface passes through that 
point and is perpendicular to N. 
9. The projection of the curvature vector onto $ is the 
normal curvature k * n' 
its projection onto the tangent plane, k 
9' 
is called the geodesic (tangential to Peterson) curvature. 
The inverse of the curvature is called the radius of 
curvature (Similarly for the normal and geodesic curvatures.) 
Let I$ be the angle formed by the osculating plane to a 
curve lying on a surface and the tangent plane (to the 
surface), or equivalently, the angle formed by 2 and it. Then 
k, = sin4 k and k = cos$ k. 
g 
10. The assignment of a value to dv/du at a point on 
a surface determines a direction, and consequently the normal 
curvature of any curve in that direction. It can be shown 
that there are a pair of orthogonal directions in which k, 
takes on extremal values. These directions are called the 
principal directions at that point. The normal curvatures in 
these directions are the principal curvatures at that point. 
If the differential equation for the principal directions is 
integrated, then the curves obtained are called the lines 
of curvature. 
11. Rodrigues' Formulas: A curve lying on a surface 
having direction d$ is a line of curvature if and only if 
d; = -k,d;- 
12. The conjugate directions at a point of a surface 
correspond to the directions of the Dupin indicatrix [Struik 
1950, 841. A two-parameter family of curves on a surface is 
said tc be a conjugate net if at every point of each curve the 
tangent direction coincides with one of the conjugate directions. 
A principal basis on a surface is a conjugate net which, under 
a continuous bending of the surface, is transformed into 
a conjugate net. 
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NOTES 
1. Bonnet used eight functions which are easily 
reduced to the standard six. 
2. Mlodzeyevskii writes that he learned of "the 
uncomplicated circumstances of Peterson's life" mainly from 
the director, K.R. Vernander, of the Peter-Paul School (where 
Peterson taught), from a teacher, K.A. Greve, who was a close 
friend of Peterson's, and from Stackel's biography. Additional 
information came from Yazykov's Survey of the Lives and Works 
of Russian Writers and from some articles by the historian of 
mathematics, V.V. Bobynin [Mlodzeyevskii 1903, 21. Besides 
the papers by Mlodzeyevskii and Stackel. the Soviet historian 
of mathematics, Depman, cites the historian of the city of Riga, the 
archives of the University of Dorpat and the historical 
archives of the Estonian SSSR. 
3. Most of the terminology of differential geometry, and 
the theorems which are cited, may be found in Struik [1950]. 
4. This simple derivation is found in Rossinskii [1952, 
1231. The reader may consult Struik [1950, 80-81, 1131, 
where the Gauss-Codazzi equations are written in this form. 
In carrying out the substitutions, there are several apparent 
variations in signs. See Appendix 4. 
5. Peterson assumed that dv 6v z+z=o. However, this 
expression is equal to 
e($+g) + t#g+%) 
a v cosv-sinv = - + a? cosv+sinv 
al irfs ax ElI?i ’ 
which is not equal to zero [Rossinskii 1952, 130-1311. 
6. The geometers B.K. Mlodzeyevskii and, later S.D. 
Rossinskii [1949], relying heavily on the former's 1903 paper, 
have made the following claims: 
(a) A theorem on "parallelism" and "perspective" which 
first appears in Peterson's monograph [1868, 591, is generally 
attributed to L. Bianchi [Lezioni di Geometria Differentiale 
1923, third ed., II, section 295, 391. 
(b) Peterson obtained results on minimal surfaces in 
the same monograph which were rediscovered in 1875 by 
Schwarz. Darboux (in the 1914 edition of Lecons sur la thebrie 
g&&ale des surfaces) gave credit to the latter. Stackel 
[1901, 1311 agrees that the priority of discovery was Peterson's. 
(c) Peterson proved several theorms on the bending of 
"surfaces of translation" which were obtained independently by 
Bianchi [1878, Giornale di Mathematics 16, 4671. Again 
Stackel concurs. 
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(d) Peterson "discovered" the helical (or spiral) surfaces 
and wrote down their equations of bending. Darboux, in the 
Leqons [1914, 1461, gives the credit for discovery to S. Lie 
[1872, Math. Ann. 5, 2041 and M. Levy [1878, Comp. Rend. 
Acad. Sci. Paris 87, 7881. Again, see-Stgckel [1901, 1311. 
(e) Peterson was the first geometer to introduce conjugate 
nets (Appendix 12) on a surface. The credit is usually given 
to Ribacour [1891, Comp. Rend. Acad. Sci. Paris]. 
7. Official decrees forbidding foreigners to teach in 
Russian universities were common in the nineteenth century. 
See Vucinich's Science in Russian Culture, two volumes. 
Check "foreign scholars" and "foreign scientists" in the indices 
of both volumes. 
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